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Abstract 

It is well known that the Poisson Lie algebra is isomorphic to the Hamiltonian 
Lie algebra [|l[],@,[13|. We show that the Poisson Lie algebra can be embedded 



properly in the special type Lie algebra |13]. We also generalize the Hamitonian 



Lie algebra using exponential functions, and we show that these Lie algebras are 
simple. 

1 Introduction 

Let F be a field of characteristic zero . Throughout this paper will denote the 
no n- negative integers. Let F\ ] be the polynomial ring in indeterminates 

Recall that the generalized Witt algebra W{n), as a Lie subalgebra of the algebra 
of operators on F[xf, ■ ■ ■ , x^], has a basis 

{x\'---x';:dj\ii,---in eN,j e {1, ■■■,«}}, 

where dj is the usual derivation with respect to Xj. Please refer to Kac's and Rudakov's 
papers for more details on W{n) |[7|] , |pA| , fl^ . 



ni 



Let F[xi, ■ ■ ■ , Xn,yi, ■ ■ ■ ,yn\ be the polynomial ring in indeterminates Xi, - ■ ■ ,x. 
yi,---,yn- Recall that the Poisson algebra H{n) is a subalgebra of the algebra of 
operators on ■ ■ ■ , x„, ■ ■ • , and has a basis 

B := {x\' ■ ■ ■ x^;:y{' ■ ■ ■ yt\H, ■ ■ ■ , Jn e N, not alHi, ■ ■ ■ , j„ are 0} 

with Poisson bracket defined for any f,gE F[xi, ■ ■ ■ , x„, yi, - ■ ■ , y„] by 

If j= , df dg df dg 

ig{t"-,n} ^^^^yi 9yidxi 
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This makes it a Lie algebra. 

Thus we have the series of the Poisson Lie algebras 

H{1) C H{2) C ■■■ C H{n) C 

It is very easy to check that < i < n} is the set of all ad-diagonal elements of 

H{n) with respect to the above basis B. It is also well known that {xj(9j|l < i < n} is 
the set of all ad-diagonal elements of W{n), with respect to the above basis. 
We also consider the following Lie algebra: 

D = {x\^--- xtlxttl ■ ■ ■ x'-dt\z^, ■ ■ ■ , z„ G iV, 
t e {!,■■■ ,k -l,k + 1, - ■■ ,n},l < k < n} 

and [di, ^2] for di,d2 G D, defined as follows for 1 < < s < n : 



Then the above Lie algebra is isomorphic to the special type Lie algebra S'„ |T3[ . 
The Hamiltonian Lie algebra is realized as the subalgebra generated by the ele- 
ments 

-En^nT + E^n^ (2) 

in W{2n), for u G ■ ■ ■ ,Xn,yi, ■ ■ ■ ,yn]- 

From @ we have 

Then, we observe that the Lie algebra is a proper subalgebra of S2n- 
Consider the commutative associative algebra over F 



W ._ Tp\p±xi ^±1 . . . p±xn ™±1 ±yi ±1 . . . ±yn ,,±1] 
n,n ■ i-^l 1 1^ )-^n i^ i i/l i )^ ) i/n J 



with basis 



Bn,n ■■= {e"i^^ ■ ■ ■ e'^-^-xi^ ■ ■ ■ xjre*'2/i . . . g^'-^'-yf . . . 1 (3) 
ai, ■ ■ ■ ,a„,6i, ■ ■ ■ ,6„ G zi, ■ ■ ■ ,i„, ji, ■ ■ ■ , jn G Z}. 

Define the generalized Poisson algebra H{n,n) with Poisson bracket for f,g & F^^n 
given by 

dxidyi dxidyi 
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The Lie algebra H{n,n) generalizes H{n). 
From 

r ax by —ax —by\ 

{e e "y^e e ^ \ 

die'^^'e^yy) d{e-''''e-^y) die^'^e'^y) d{e-'''' e'^y) 
dx dy dy dx 

= —2aby — a, 

we know that the Lie algebra H{n, n) has a one dimensional center F. Thus, we consider 
the quotient Lie algebra H{n,n) = H{n,n)/F. 

Note that the algebra generated by basis elements whose exponential parts are all zero 
is just a Poisson Lie algebra H{n) := H{0,n) [|] , , H . 
Consider the commutative associative algebra over F 

p . ._ p\p±4'' . . . p±x;i™ ±1 ... ±xlr^ . . . ±xt- ±11 

^ n,i* ■ p ; 1^ 1 -^l 1 1 ^ 1 1 ^ 1 -^n J 

with basis like where < ■ ■ ■ < iim, ■ ■ ■ ,ini < ■ ■ ■ < inr are non-negative integers. 
Consider the Lie algebra W{n,i*) with basis 

an, - ■ ■ ,aim, - ■ ■ ,ani, - ■ ■ ,anr ^ G iV, t G {l,---,n}}, 

and the Lie bracket 

[fdp,gdq] = fdp{g)dg - gdg{f)dp, 

forany /,(?gF„,, [0,|11. 

Let us put m + ■ ■ ■ + r = M. We denote Z"^ = Z x Z x ■■■ x Z, m copies of Z for 
any m & N. The Lie algebra W{n,i*) has a Z*^-gradation as follows: 

W{n,i*)= W^(an,...,ai„,.,a„i,.,a„.) 

{aii,---,aim,---,ani,---,a„r)eZ'^' 

where TV(aii,...,ai^,-,a„i,-,a„,) is the subspace spanned by 

eN,l<t<n}. 

Let us call l^(aii,-,ai^,-,a„i,-,a„,) the (an, ■ ■ ■ , aim, ■■, a„i, ■ ■ ■ , a„r) -homogeneous com- 
ponent of W{n, i*) and elements in iy(aii,-,ai™,-,a„i,-,a„o the (an, ■ ■ ■ , ai^, ■ ■ ■ , Oni, ■ ■ ■ , 
a„j.) -homogeneous elements. 

Definition 1 Let us define a lexicographic order >o on the Z^^ -gradation of W{n,i*) 
as follows: given two elements 

= e""^'l" ■ . ■e'^i™^!"" ■ ■■e""'''"' ■ ■ ■ e""^''"^ xi' ■ --X^dt E W^(an,-,ai„,-,a„i,-,a„,) 
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and 



'■2 — e i e e Xi Uq'^ {Wr,--, him,- --Ki,--, Kr)} 

h >o h if o-nd only if (4) 

(flXl, ■ ■ ■ , O-lm; ■ ■ ■ ; ^nli ' ' ' i (^nry jli ' ' ' i jni t) 
(611, ■ ■ ■ , bim, ■ ■ ■ , feral, ■ ■ ■ 5 bnr,Pl, " " " ,Pra, 

by the natural lexicographic ordering in Z^'^ . 

Thus, any element / G W{n, z*) can be written using the Z^^-gradation and the order 
(i- 

Note that H^(o,---,o) is a sub-algebra of W{n,i*) and has basis 
{4' ■■■xtdt\ji,---,Jn eN,te {l,---,n}}, 

which is isomorphic to W{n). 

For any / G W{n, i*), I can be the sum of different (an, ■ ■ ■ , aim, • ■ ■ , Onr, • ■ ■ , Onr)- 
homogeneous elements, ■ ■ ■ , (a^i, ■ ■ ■ , ap^, ■ ■ ■ , CLpr, ■ ■ ■ , a„j.) -homogeneous elements. Let 
us define the homogeneous number Wh{l) of / as the total number of different homoge- 
neous components of /. Let us define the total number of (an, ■ ■ ■ , aim, ■ ■ ■ , ^nr, ■ ■ ■ , «nr)- 
homogeneous elements of I as T(^all,■■■,a^^,■■■,anr,■■■,ar^r)■ 

We define hp{l) of / G W{n, i*) as the highest power among all powers which appear 
in /. 

The main results of this paper are the following. 
Theorem 1 The Lie algebra W{n,i*) is simple. □ 
Theorem 2 The Lie algebra H{n,n) is simple. □ 

2 Generalized Witt algebras 



Lemma 1 If I & W{n,i*) is a non-zero element then the ideal < I > generated by I 
contains an element h whose powers of polynomial parts are positive integers. 

Proof. We can assume / G W{n, i*) has a non-zero (0, ■ ■ ■ , 0, ajj, aij+i, • • ■ , a„r)— ho- 
mogeneous element. Then, take Xi^---x{^di G W{n,i*). If ■■■,«„ are sufficiently 
large non-negative integers, then 

is the required element. □ 
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Lemma 2 The ideal I of W{n, i*) which contains an operator di for any 1 < i < n is 
W{n,i*). 

Proof. Since 1^(0,. ..,o) — W{n) is simple, W^(o,...,o) C /. For any basis element 

of iy(n, i*) with jt = and some jts 7^ where 1 < t < n, we have 

[dt, xte"""i" ■ ■ ■ e"^™"i"" ■ ■ ■ e""i"^"' • • ■ e""'-"""''xf ■ ■ ■ xi"dt] E I (5) 

and 

[xtdt, ■ ■ ■ e'^i-^i"" • • • e"^"^^""' • • • e'^"'-^""''xf ■ ■ ■ xl^dt] e I. (6) 

Then 

(D - d) = 26^^"^!" ■ ■ ■ e'^i™^i"" ■ • ■ e'^"^^""' ■ ■ ■ e'^"'-^""''a;i^ ■■■xtdtE I. 
For any basis element 



with jt = and some ja, ■ ■ ■ , jtg = 0, we have 



For any basis element 



with 7^ 0, we have 



[dt, e"^^"i" • • • e"^™"i"" • • • e""^"""' • • • e""'-"""''a;f • • • G /, (7) 



and 

[xf ^t, V*e''""^i" ■ ■ ■ e'^i-^i"" ■ ■ ■ e""^^""' ■ ■ ■ e""''^"" ■ ■ ■ xi"dt] G /. (8) 



Thus 



(3) - (I) = 2jte"""i ■ ■ ■ e"^'""i ■ ■ ■ e°"^"" ■ ■ ■ e""'-"""''xf ■ ■ ■ x^-^^ G /. 



Therefore, we have proven the lemma. □ 



Theorem 1 The Lie algebra W{n,i*) is a simple Lie algebra. 
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Proof. Let / be non-zero ideal of W{n,i*). Then, by Lemma 1 there is a non-zero 
element / whose polynomial parts are positive. We prove I = W{n, i*) by induction on 

Wh{l). 

Step 1. If Wh{l) = 1, then / = W{n,i*). 

Proof of Step 1. \{ Wh{l) = 1, then / has the form 

C(jii, ■ ■ ■ , Ji„)e""""i" ■ ■ ■ e"^™"!"" ■ ■ ■ e'^-i"""' ■ ■ ■ e""""""' xi" ■ ■ ■ x^^^dg (9) 
+ ■■■ 

+ C{]pi, jp„)e''""i" ■ ■ ■ e''^'""i"" ■ ■ ■ e""'^"' ■ ■ ■ e""'-"""''xf ' ■ ■ ■ xi^"dh 
where I <q,h <n and C{ju, ■■■ , jin), C{jpi, jpn) e F. 

If flu = ■ ■ ■ = anr = 0, then the theorem holds by Lemma 2 since W{n) is simple 0. 
Assume / is (0, ■ ■ ■ , 0, a™, au,v+i, ■ ■ ■ , ctnr) -homogeneous. Then 

[e-a..x;- . . . g-a„„x;- . . . g-a„ix:f 1 . . . e-''"'-^""''a„, /] 7^ 0, (10) 
because of the term 

of®. 

We have / fl W{n) 7^ 0. Therefore, we have / = (n, i*) by Lemma 2. 

Step 2. If the theorem holds for Wh{l) = n — \ for any I G /, then the theorem holds 

for Wh(l) = n. 

Proof of Step 3. If / has (0, ■ ■ ■ , 0)— homogeneous elements and maximal 
(0, • • • , 0, ttus, ■ ■ ■ , a„r) -homogeneous elements such that aus 7^ 0, then 

h = [d^,[du,---,[duJ]]---]7^0 

Applying the Lie bracket {hp{l2) + 1) times gives us Wh{li) = n — 1. Therefore, we 
proven the theorem by induction. 

If / has no (0, 0)— homogeneous elements and maximal (0, ■ ■ ■ , 0, a^^, ■ ■ ■ , ) - 
homogeneous elements such that a^s 7^ 0, then 

li = [e""""^""" • • • e""'""^"''"' . . . g-anix^"i . . . e-«"'-^n"''5^^ /] ^ q, (11) 

and /i has Whifi) = n with (0, ■ ■ ■ , 0)— homogeneous elements. Thus, we proved this 
case above. Therefore, the Lie algebra W{n,i*) is simple. □ 
Consider the sub-algebra W{1, in, ■ ■ ■ , iin) of W{n, i*) with basis 

{e"i^''" ...e''""''"a;^a|ai,---,a„ e Z,j e N}. 



Corollary 1 The Lie algebra W{l,iii, ■ ■ ■ ,iin) is a simple Lie algebra [11]. 
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Proof. This is clear from the previous theorem. □ 

Lemma 3 Let L be any Lie algebra over field F of characteristiv zero. If 6 is any Lie 
algebra automorphism of L and {li\i G /} is the basis of L, then {6{li)\i G /} is also a 
basis of L where I is an index set. 

Proof. This is trivial. □ 

Let be the Witt algebra over a field F of characteristic zero with basis B = 

{x^d\i G A^} and with Lie bracket 

[x'd, x^d] = (j - t)x'+^-^d 

for any x^d,x^d G B. Note that xd is the ad-diagonal element of ^^"'"(1), with respect 
to B. Note that 

[xd, x^'d] = {i - l)x'(9 

for any x^d G B. 

Proposition 1 If 6 is any automorphism of ^^"'"(l), then 6{xd) = axd + fid with 
a ^0 and a,f3 e F j^. 

Proof. Let 6 be any automorphism of Then 

9{xd) = ao^id + ■ — h an,ix"'d 
with 7^ 0, and ao,i) ' ' ' ; ^n,i ^ -P"- Let us assume that 

6{d) = aofid H h am,ox"'d 

with amfl 7^ and a^o, ■ ■ ■ , ctm.o ^ Thus, we have 

9i[d, xd]) = aofld + ■■■ + amfix'^d. (12) 

On the other hand, 

[9{d), 9{xd)] = [aofid +■■■ + a„,ox™9, ao,id +■■■ + (13) 

= * + an,iam,o(^ - m)x^d = ao,o<9 H h amflx'^d, 

where * represents the remaining terms. From (p!2D and (|13]), we have n = m or n = 1. 
First let us assume n = m. For x^d G B, 

6{x^d) = ao^pd + h at^pX^d 

with at^p 7^ 0, and p ^ I, ao.p, ■ ■ ■ , C(t,p G F. 
On the one hand, 

{[xd, x^d]) = (p - l)e{xPd) = {p- l)ao,pd + ■ ■ ■ + {p - l)at,px'd. 

While 

[0{xd), 9{x^d)] = [ao,id + ■ ■ ■ + an,ix'^d, ao^pd + ■ ■ ■ + at.px'^d] 
= Oin,iOit,p{t - n)x*+""-^9 + ** = {p- l)aQ^pd H V {p - l)at-pX^d, 

where ** represents the remaining terms. Then t = n ot n = 1. Since t 7^ 1, we have 
n = 1. Therefore, we have proved the proposition. □ 

Note that for any automorphism 6 of W^^(l) we can determine 6{xW) for any x^d G B 
inductively on i. 
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3 Generalized Poisson Algebras 



In this section we prove the simphcity of H{n,n). 
The Lie algebra H{n,n) has Z^"— gradation as follows: 

H{n,n)= W^(ai,..,a„,fei,...,6„) 

(ai,---,a„,fei,---,bn)G22" 

where 

W, , , ^ — I fp*^!^! . . . f,0-nX„ il ^.iupbiyi bnVn jl . . . jn 

{ai,---,a„,bi,---,bn) — iJ^ 6 6 6 L/i L/^ 

- ■ ■ ,inJu - ■ ■ Jn ^ ZJ e F}. 

An element of W(^ai,--,a„,bi,-,bn) is called a (ai, ■ ■ ■ , a„, 61, ■ ■ ■ , 6„) -homogeneous element. 

Definition 2 We define a lexicographic order >h on basis ([^ as follows: given two 
basis elements, 

t, — e e Xi x^ e e iji y„ , 

m — e°-2lXl „a2nXn i2\ rr^2n J>2iyi „b2ny„ j21 J2n 

in — a e Xi x^ c e yi (/„ , 

l>hmif (14) 
(ail, ■ ■ ■ , Q-ln, bii, ■ ■ ■ , bin, ill, ■ ■ ■ , Jii, ■ ■ ■ , Jin) >h 

(021, ■ ■ ■ , a2n-, ' ' ' ; ^2n; "^21; ' ' ' ; J21 ; ' ' ' ; J2n) 



the natural lexicographic ordering in Z^". 

Using the Z^"— gradation and the order >h-, an element / G H{n,n) can be written as 
follows: 

1= (15) 
C{tn, • ■ ■ , ^m, Jii, ■ ■ ■ , Jin)e'^""^ ■ ■ ■ e-^-^-xl" ■ ■ ■ x^^-e^^^^ ■ ■ ■ e^-^"yi" ■ ■ ■ y^'" 
+ ■■■ 

+ C{isu • • • , isnjsi, ■ ■ • , jsn)e"=^^^ " " " e''^"''"x'{' ■ --x^-e^^'y' ■ ■ ■ e^^-^-yt ■ ■ ■ y}:" 
+ ■■■ 

+ C{mu, ■ ■ ■ ,mi„,pii, ■ ■ ■ ,pi„)e^"^i ■ ■ ■ e"i"^"a;^" ■ ■ -x^^-e^"^^ ■ . .e^^-^-yf ^ ■ --yP'" 
+ ■■■ 

+ C{mn, ■ • • , m,„, pn,-'-, Ptn)e'^""^ ■ ■ ■ e^^-^-x^" ■ ■ ■ " " " e^-^"i/f" ■ ■ ■ i/^'" 

with appropriate scalars in F and the lexicographic order. 

Recall that in |TT]], lp{l) is defined as the highest power of all polynomials of /. For 



/ = e^^xl + X1X3 X7, we have lp{l) = 9. 
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For any / G H{n,n), let us define hh{l) as the cardinality of 

{(Oii, ■ ■ ■ , ain, &11, ■ ■ ■ , bin), ■ ■ ■ 5 (Osl, ■ ■ ■ , dsn, bgl, " " " , &sn)} 

which is s. For / = e^^^ e^^'^ xlxl + ^e^^^ e^^^ x\x2'^ + 9e^^^x\^ we have = 2. 



Lemma 4 If I G H{n,n) is a non-zero element, then the ideal < I > generated by I 
contains an element li whose powers of polynomial parts are positive integers. 



Proof. Since H{n) is a Z^"— graded Lie algebra, it is enough to show the lemma holds 
for a basis element 

i .— e Xi Xn a e yi yn 

with iiu > for 1 < M < n, ■ ■ ■ , > 0. 

We can assume hiu ^ 0, because 

for some large r G N. Take an element a; • ■ ■ x^yi^ ■ ■ ■ yn" where ki, - ■ ■ ,kn,hi, - ■ ■ ,hn 
are sufficiently large positive integers such that ki » ■■■ >> kn >> hi » ■■■ >> 
hn » and a » b means a is a sufficiently larger positive integer than b where 
a,b E Z. Then 

is the required element in the lemma. □ 



Lemma 5 // an ideal I of H{n, n) contains {xi, ■ ■ ■ ,Xn} or {yi, ■■■,?/„}, then I 
H(n, n). 



Proof. Since H{n) is a simple Lie algebra [0, we have H{n) C /. For any basis element 



I ^ gaixi . . . f^ar^x„^^l . . . 3;jngfeiyi . . . ^b„yn . . .yjp^ we need to show / G /; without loss 
of generality we can assume ai ^ always. Assuming ii = 0, we have 

r ^1 ^ djndl dl_dyi ^ ^ ^ 

dxi dyi dxi dyi 

For /' = e"^^^ ■ ■ ■ e""^"a;i ■ • ■ x^^e''^^^ ■ ■ ■ e^^^^y^i ■ ■ - yi", we have 

dyi dV dl' dyi _^ 

{yi, l} = T^T. = - ^1 ^ • 

oxi oyi oxi oyi 

Thus /' G /. 

Inductively we can get x"/' G /. Thus, we have proved the lemma. □ 



Theorem 2 The Lie algebra H(n, n) is simple. 
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Proof. Let / be a non-zero ideal of H{n,n). Then there is a non-zero element / G / 

whose polynomial parts are positive by Lemma 4. 

We prove the theorem by induction on hh{l) for an element / G /. 

Step 1. If the ideal / has an element I with hh{l) = 1, then / is H{n, n). 

Proof of Step 1. Assume / is (0, ■ ■ ■ , 0)— homogeneous; then / = H{n, n) by the sim- 

phcity of H{0,n) |T^ and Lemma 5. 

Assume that / is (0, ■ • • , 0, a^, a^+i, ■ ■ ■ , a„, 6i, ■ ■ ■ , homogeneous with 7^ 0. Then 
/ can be written as follows: 

(16) 

C(^ii, • ■ • , ill, • ■ • , Jin)e'^^"^ ■ • ■ e-^-^-xi" ■ ■ ■ x'^-e'^y^ ■ ■ ■ e'^y-yi^' ■ ■ ■ yt 
+ ■■■ 

with appropriate scalars in F and the lexicographic order of (0). 
We can assume ji^ 7^ 0, (if not, then 

K,0 7^o (17) 

is the required element where r is a sufficiently large positive integer). 
Then {e"""^", /} 7^ and {e"""^", /} is (0, ■ ■ ■ , 0)— homogeneous or 
(0, • • • , 0, dq, dq+i, ■ ■ ■ ,dn, fir ■ ■ , fn)- homogcueous with q> s. 

Therefore, by using the above procedure (|l^ we can get an element /i G / which is 
(0, ■ ■ ■ , 0)— homogeneous. Thus, we proved the theorem by the previous lemma and the 
simplicity of i/(0, n) 

Step 2. If the ideal < / > has an element / with hh{l) = n {n > 2), then I has an 
element /' with hh{l') = n — 1. 

Proof of Step 2. Let / be the element in I such that hh{l) = n. 

If / has a (0, ■ ■ ■ , 0) -homogeneous element and maximal (0, ■ ■ ■ , 0, a^, ■ ■ ■ , a„, 61, ■ ■ ■ , 6„)- 
homogeneous element such that 7^ 0, then 

^1 = {Vr, {yr, {■ ■■,{yrj} " " "j 7^ 0, 

with (/p(/) + l)-times Lie brackets, and li has no (0, ■ ■ ■ , 0)-homogeneous element. Then 
hhih) =n-l. 

If / has no (0, ■ ■ ■ , 0)-homogeneous element, then / has a maximal 
(0, ■ ■ ■ , 0, Cq, ■ ■ ■ , c„, di, ■ ■ ■ , (i„)-homogeneous element and minimal 
(0, ■ ■ ■ , 0, a^, ■ ■ ■ , a„, 6i, ■ ■ ■ , 6„) -homogeneous element. Then / can be written as follows: 

I (18) 

— r'f'i.-, ... 7, 1-,, ... "ipCqX, c„x„ ill ii„ diyi ill ji„ 

— '-^1,^115 j^lnjjll; ijln)^ fi X^ -^n ^ iJl y-n 

+ ••• 

I ( i -, . . . 7 n -, . . . q \(D^(l'^<i . . . c)^n^n rf^ul , , , ry^'^ un f^^^lVl , , , f:3^nyn n . . . qjun 

\ ^ yf'ul 5 5 f'un^ Jul 5 5 JunJ^ ^ -^l ^ ^ Ul Un 

+ ■ ■ ■ 
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+ ■ ■ • 

+ C(m,i, • • • , mgn,Pgi, • • • , p,n)e''^'"- ■ ■ ■ e'^-^^xT"' ■ ■ ■ x^^^-e'^^^ ■ ■ ■ e^-^-yf ^ ■ ■ ■ y^- 
with appropriate scalars in F. 

We can assume one of niir, ■ ■ ■ ,mqr is non-zero (if not, {UgJ} 7^ is the required 

element for k a sufficiently large positive integer.) 

Then 

{e-^^'^^J} ^ 0. 

hh{k) < n. 

If hhili) < n — 1, then we have proved this step by induction. If hhili) = n, 
then we apply the above procedure {\[7\) and get an element I2 & I which has a 
(0, 0)— homogeneous element. Therefore, we can get an element without a 
(0, ■ ■ ■ , 0)— homogeneous element. We have h^il^) = n — 1. □ 
The F-algebra F[e^^, • • • , e^", e^^, • • • , e^"] has algebra basis 

{e«i^i . . . ea„x„g6ij/i . . . e^"^"|ai, ■ ■ ■ , a„, 61, ■ ■ ■ , 6„ G Z}. 
Thus we can consider this algebra to be the sub-algebra H{n, 0) of H{n, n). 
Theorem 3 The Lie algebra H{n, 0) is a simple Lie algebra. 
Proof. The proof is similar to that of Theorem 2. □ 

Proposition 2 The Lie algebra H{n,0) is not isomorphic to H{0,n) = H{n). 

Proof. This is clear from the fact that H{0, n) has an ad-diagonal element, but H{n, 0) 
has no ad-diagonal elements. □ 

The following method is very useful for finding all the derivations with ad-diagonal 
elements. 

Proposition 3 All the derivations of the Poisson Lie algebra H{n) are sums of inner 
derivations and scalar derivations. 

Proof. Let D be any derivation of H{n). Then we have following forms: 

D{xiyi H h XuVn) = '^ctij^,-,inXi (19) 

By adding (3ad ^ to (ll9D with an appropriate scalar (3, we can remove the right 
hand side of (pJ]). We need only to check the case 

D{xiyi H h XnVn) = «l,l,-,n,n(a;il/l ■ ■ ■ Xnyn), 

where ^ But an easy calculation shows that Q;i,i,.. = 2 — 2n. Actually 

this comes from the scalar derivation S such that 

i=l 1=1 
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for any Xi^i/i^ ■ ■ ■x'^y^^ G H{n). This shows that the derivations of H{n) are sums of 
inner derivations and scalar derivations. □ 

Note that the Lie algebra if(0, 1) is isomorphic to the Lie algebra V considered in 

i- 

Consider the F-algebra 

r ^'11 „*lm _-! »nl ins _^ 

h •* r P 1 ■ ■ ■ P 1 Ti T ■ ■ ■ P " ■ ■ ■ P " -y. rf, ^ 

like the F-algebra Fn^n (H), where zn < • ■ • < z„m & N — {0} are fixed non-negative 
integers. Then we get the generalized Poisson Lie algebra H{n, n, i^). If we remove the 
one-dimensional center, then we get the Lie algebra H{n,n,i^,) = H{n,n,i^,)/F. 

Theorem 4 The Lie algebra H{n,n,i^:) is a simple Lie algebra [11]. 

Proof. The proof is similar to that of Theorem 2. □ 

It is very easy to see that H{n,n) has no ad-diagonal element by using the gradation 
of H{n, n). 
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